A probabilistic model for random hypergraphs is introduced to represent unary, binary and higher order interactions among objects in real-world problems. This model is an extension of the Latent Class Analysis model, which captures clustering structures among objects. An EM (expectation maximization) algorithm with MM (minorization maximization) steps is developed to perform parameter estimation while a cross validated likelihood approach is employed to perform model selection. The developed model is applied to three real-world data sets where interesting results are obtained.
Introduction
A large number of random graph models have been proposed [36, 20, 19, 27 ] to describe complex interactions among objects of interest. Pairwise relationships among objects can be naturally represented as a graph, in which the objects are represented by the vertices, and two vertices are joined by an edge if certain relationship exists between them. While graphs are capable of representing pairwise interaction between objects, they are inadequate to represent higher order and unary interactions that are typically observed in many real-world problems. Examples of higher-order and unary relationships include co-authorship on academic papers, co-appearance in movie scenes, and songs performed in a concert.
For example, the study of coauthorship networks of scientists have attracted significant research interests in both natural and social sciences [34, 35, 33, 32, 1] . Such networks are typically constructed by connecting two scientists if they have coauthored one or more papers together. However, as we will illustrate below, such representation inevitably results in loss of information while a hypergraph representation naturally preserves all information. A hypergraph is a generalization of a graph in which hyperedges are arbitrary sets of vertices, and can contain any number of vertices. As a result, hypergraphs are capable of representing relationships of any arbitrary orders.
We consider a simple example of a coauthorship network with 7 authors and 4 papers in order to illustrate the benefits of hypergraph modelling. A hypergraph representation of the network is given in Figure 1 where the vertices v 1 , v 2 , . . . , v 7 represent the authors while the hyperedges e 1 , . . . , e 4 represent the papers. For example, the paper e 1 is written by four authors v 1 , v 2 , v 3 and v 4 , and the paper e 2 is written by two authors v 2 and v 3 , while the paper e 4 has a single author v 4 .
On the other hand, a graph representation of this coauthorship network with edges between any two authors who have coauthored at least one paper results in the edge set {(v 1 , v 2 ), (v 1 , v 3 ), (v 1 , v 4 ), (v 2 , v 3 ), (v 2 , v 4 ), (v 3 , v 4 ), (v 3 , v 5 ), (v 3 , v 6 ), (v 5 , v 6 )}. It is evident that much information is lost with this representation. In particular, this representation removes information about the number of authors that co-authored a paper. For example, one can only deduce from this edge set that v 3 has co-authored with v 1 and v 2 while unable to conclude that the co-authorship was for the same paper. Furthermore, the hyperedge e 4 which contains a singleton v 4 is left out in the graph representation.
A number of random hypergraph models were studied in probability and combinatorics literature where theoretical properties such as phase transition, chromatic number were investigated [23, 15, 5, 9, 38] .
A novel parametrization of distributions on hypergraphs based on geometry of points is proposed in [30] which is used to infer Markov structure for multivariate distributions.
On the other hand, statistical modeling with random hypergraph is less explored. [44] introduced the hypergraph beta model with three variants, which is a natural extension of the beta model for random graphs [21] . In their model, the probability of a hyperedge e appearing in the hypergraph is parameterized by a vector β ∈ R N , which represents the "attractiveness" of each vertex. However, their model does not capture clustering among objects which is a typical real world phenomenon. In addition, the assumption of an upper bound on the size of hyperedges violates many real world data sets.
One may equivalently represent a hypergraph using a bipartite network (also called two-mode network and affiliation network). Two-mode networks consist of two different kinds of vertices and edges can only be observed between the two types of vertices, but not between vertices of the same type. A hypergraph can be represented as a two-mode by considering the hyperedges as a second type of vertices. For example, an equivalent bipartite representation of the hypergraph shown in Figure 1 is provided in Figure 2 where the hyperedges {e 1 , . . . , e 4 } are now replaced by the four green vertices.
Two-mode networks have been studied in various disciplines including computer science [37] , social sciences [10, 40, 24, 12] and physics [29] . A number of approaches have been proposed to analyze and model two-mode network data [2, 40, 8, 26, 46, 43] . In particular, models originally developed for binary networks were extended for two-mode networks.
[8] developed a blockmodeling approach of two-mode network data which aims to simultaneously partition the two types of vertices into blocks. [41] proposed exponential random graph models (ERGMs) for two-mode networks which models the logit of the probability of an actor belong to an event as a function of actor and event specific effects and other graph statistics. A clustering algorithm for two-mode network is developed in [11] based on the modelling framework in [41] . Several extensions to the ERGMs for bipartite networks are proposed in recent years [46, 45] . [43] proposed a methodology for studying the co-evolution of two-mode and one-mode networks. A network autocorrelation model for two-mode networks is introduced in [13] .
Representing network observations using two-mode networks has the benefits of modelling vertices of both types jointly. However, in analyzing a two-mode network, one type of vertices may attract most interest. For example, in co-authorship networks, the main interest may lie in the collaborations rather than in co-authored papers. In such scenarios, a hypergraph representation is most nature by converting one type of vertices into hyperedges with no loss of information.
In this paper, we propose the Extended Latent Class Analysis (ELCA) model for random hypergraphs, which is a natural extension of the Latent Class Analysis (LCA) model [28, 16, 3] and includes the LCA model as a special case. The model is applied to two applications, including Star Wars movie scenes and Lady Gaga concerts 2014.
Model and Motivation

Hypergraph
A hypergraph is represented by a pair H = (V, E), where V = {V 1 , V 2 , · · · , V N } is the set of N vertices and E = {e 1 , e 2 , · · · , e M } is the set of M hyperedges. A hyperedge e is a subset of V , and we allow repetitions in the hyperedge set E. Thus, the hypergraph H can alternatively be represented with a N × M matrix x = (x ij ) where x ij = 1 if vertex V i appears in hyperedge e j and x ij = 0 otherwise.
Latent Class Analysis Model for Random Hypergraphs
The binary latent class analysis (LCA) model [28, 16] is a commonly used mixture model for high dimensional binary data. It assumes that each observation is a member of one and only one of the G latent classes, and conditional on the latent class membership, the manifest variables are mutually independent of each other. The LCA model appears to be a natural candidate to model random hypergraphs where hyperedges are partitioned into G latent classes, and the probability that a hyperedge e ∈ E contains a vertex v ∈ V depends only on its latent class assignment.
Let π = (π 1 , · · · , π G ) be the a priori latent class assignment probabilities where G is the number of latent classes, and define the N × G matrix p = (p ig ) and p ig is the probability that vertex V i is contained in a hyperedge e with latent class label g. The likelihood function can be written as
By introducing the M × G latent class membership matrix z (1) = (z
jg ) where z
(1) jg = 1 if hyperedge e j has latent class label g and z (1) jg = 0 otherwise, the complete data likelihood of x and z (1) can be expressed as (1) .
In comparison to the hypergraph beta models introduced in [44] , the LCA model is capable of capturing the clustering and heterogeneity of hyperedges. For example, academic papers can be naturally labelled according to subject areas and conditional on a paper being labelled mathematics, one would expect that the probability a mathematician co-authored the paper is higher than a biologist. The LCA model does not assume an upper bound on the size of hyperedges and can model hyperedges of any size. Furthermore, an efficient expectation maximization algorithm [6] can be easily derived to perform parameter estimation.
Extended Latent Class Analysis for Random Hypergraphs
While the LCA model captures the clustering and heterogeneity of hyperedges in real world data sets, it is quite restrictive in modeling the size of a hyperedge. The size of a hyperedge e with latent class label g follows the Poisson Binomial distribution [47] with parameters (p 1g , · · · , p N g ), and with expected value
As we will illustrate in a few real world data sets, the LCA model underestimates the variation in sizes of hyperedges. Thus, we extend the LCA model by including an additional clustering structure to address this shortcoming.
We develop the Extended Latent Class Analysis model (ELCA) by introducing an additional clustering to the hyperedges. We assume that the two clustering are independent. We let τ = (τ 1 , · · · , τ K ) be the a priori additional clustering assignment probabilities where K is the number of additional clusters.
Thus, the probability that a hyperedge has cluster label g and additional cluster label k is given by π g τ k . We define the N × G matrix φ = (φ ig ) and K dimensional vector a = (a 1 , · · · , a K ) so that the probability that vertex V i is contained in a hyperedge with cluster label g and additional cluster label k is given by a k φ ig .
Let θ = (π, τ, φ, a) denote the model parameters, the likelihood function can be written as
We define the M × K additional cluster membership matrix z (2) = (z (1) and z (2) is given as:
We further impose the constraint a K = 1 to ensure that the model is identifiable. It is easy to see that the LCA model is a special case of the ELCA model by letting the number of additional clusters
Theoretical Properties
We compare the theoretical properties of the LCA and ELCA models developed above. Proposition 2.1 below shows that the size of hyperedge simulated from the ELCA model has larger variance than simulated from the LCA model.
Proposition 2.1. Suppose we are given the LCA model with parameters {π, p} and the ELCA model with parameters {π, τ, a, φ} and N vertices. Suppose the condition
Let A denote the size of a random hyperedge X A generated under the LCA model. Similarly, let B denote the size of a random hyperedge X B generated under the ELCA model. We have the following results.
Proof. The proof is straightforward and is given in the Appendix.
We now let f N (y) be the probability mass functions of the size of a random hyperedge simulated from a G cluster LCA model. Similarly, we let h N (y) be the probability mass function of the size of a random hyperedge simulated from the ELCA model with G clusters and K additional clusters. The following result can be derived. Proposition 2.2.
1. Under the specifications of a LCA model with parameters
and {p ig } i=1,··· ,N,g=1,··· ,G , and suppose the following conditions hold for g = 1, · · · , G,
That is, the distribution of the size of a random hyperedge converges to a mixture of Poisson distribution with G components.
Under the specification of a ELCA model with parameters
Further suppose the following conditions hold for
That is, the distribution of the size of a random hyperedge converges to a mixture of Poisson distribution with G × K components.
Proof. Conditional on the event that a random hyperedge is generated from cluster g, [47, Theorem 3] implies that
Part 1 result follows by marginalizing over the G clusters. The second part of the proposition can be proved similarly.
Proposition 2.2 implies that the size distribution of a random hyperedge generated under the ELCA model is far more flexible than for the LCA model.
Co-Clustering
The concept of having two clustering structure is related to co-clustering or block clustering. In coclustering, the objective is to simultaneously cluster rows and columns of a data matrix. In particular, mixture models have been proposed with EM algorithms developed in the context of co-clustering [17, 18] . Co-clustering has also received significant attention in various application such as text mining, bioinformatics and recommender systems [7, 4, 14] . In comparison, we aim to obtain two types of clustering structure for the rows of a data matrix.
In the work of [39] , a Poisson mixture model was proposed for clustering of digital gene expression to discover groups of co-expressed genes, where observations of biological entities under different conditions are collected. In order to model the variations in overall expression level among biological entities, a scaling parameter is introduced for each entity. In comparison, we explicitly model the size of random hyperedge using clustering which results in a more parsimonious model structure.
EM Algorithm
We estimate the parameters θ = (π, τ, φ, a) of the ELCA model using an EM algorithm [6] which is a popular method in fitting mixture models. The E-step of the EM algorithm involves computing the expected value of the logarithm of the complete data likelihood (2) with respect to the distribution of the unobserved z (1) and z (2) given the current estimates. The M-step involves maximizing the expected complete data log-likelihood.
Taking logarithm of the complete data likelihood in (2), we obtain the complete data log-likelihood function below.
For the E-step, we need to evaluate the expectation of (3) conditional on data x and current parameter estimates θ (t) .
That is, we need to evaluate the expectation Z
jk |x, θ (t) ). We have that
In particular, the E-step has a computational complexity of O(N ) for each pair (g, k). While the E-step of the EM algorithm is straightforward, the M-step involves complicated maximization. Thus, we use the ECM algorithm [31] which replaces the complex M-step by a series of simpler conditional maximizations. The conditional maximizations with respect to the parameters φ and a do not have closed form solutions. We resort to the MM algorithm [25, 22] which works by lower bounding the objective function by a minorizing function and then maximizing the minorizing function. Details of the M-step are given in the appendix and the EM algorithm is summarized in Algorithm 1. In particular,
we note that the computational complexity for maximizing φ ig and a k are given by O(N iter M K) and O(N iter M GN ), respectively, where N iter is the number of iterations required for the MM algorithm.
Algorithm 1 EM Algorithm
Input: x, G, K, tol
1: conv = F alse 2: Random initialization of φ, a, π, τ 3: while conv = F alse do
4:
Do the E-step according to (4) 5:
for g = 1, · · · , G do
7:
Update φ ig according to (B.3)
end for
end for 10:
Update a k according to (B.6)
12:
13:
14:
Update π g according to (B.7)
15:
16:
Update τ k according to (B.8)
18:
19:
Evaluate Change in log-likelihood ∆ loglik resulting from parameter updates 
Cross Validated Likelihood
Given a fixed model, the cross validated likelihood method [42] works by repetitively partitioning the observations into two disjoint sets, one of which is used to fit the model and obtain estimates of model parameters by maximizing the log-likelihood, and the other is for evaluating the model by computing its log-likelihood.
For each G and K, we define M G,K to be the ELCA model with G clusters and K additional clusters.
To apply the cross validated likelihood method, we randomly partition the hyperedges x into two sets x (train) and x (test) where each hyperedge in x is included in x (train) with probability q. In our applications we set q = 0.7. The EM algorithm developed in section 3 is then used to fit x (train) and obtain the parameter estimatesθ = (π,τ ,φ,â). We then compute the log-likelihood of x
under the estimated parametersθ and obtain the test log-likelihood L (test) . The above procedure is then repeated N cv times and the estimated cross validated log-likelihood is obtained by averaging over
The procedure above is summarized in Algorithm 2.
We perform a greedy search for the optimal combination of G and K which produces the largest estimated cross validated log-likelihoodL and the number of cross validation N cv are large.
Applications
Star Wars Movie Scenes
Our first application is modeling co-appearance of the main characters in the scenes of the movie "Star Wars: A New Hope". We collected the scripts of the movie from The Internet Movie Script Database 2 and constructed a hypergraph for the eight main characters. We define each scene in the movie as a hyperedge with a total of 178 hyperedges, and a character is contained in the scene if he/she speaks in the scene.
Algorithm 2 Estimated Cross Validated Log-likelihood
Input: x, G, K, N cv , q Output:L cv 1: for n = 1, · · · , N cv do 2:
u ∼ U nif (0, 1)
5:
if u < q then 6:
else 8:
end if 10:
13: end for
We first performed model selection using the greedy search algorithm and the cross validated likelihood method presented in Section 4.1 to select the optimal number of clusters and additional clusters for the ELCA model. The results of the greedy search are provided in Table A1 and the model with 3 clusters and 2 additional clusters is selected.
The results from fitting the ELCA model with G = 3 and K = 2 are provided in Table 1 and Table 2 .
We can see the variation in the size of hyperedges from the parameter estimatesâ andτ with the majority (81%) of hyperedges having size much smaller than the rest of the hyperedges. Thus, one can deduce that a small proportion of the movie scenes have far more characters. The estimatesφ in Table 2 reveal interesting clustering structure for the 8 main characters in the movie. For example, the lead character "Luke" has a strong tendency to appear in the two largest clusters. On the other hand, it is extremely unlikely for "Obi-Wan" and "Han" appear in the same 
while stop K = F alse do 8:
Obtainl Gopt,Ktest cv using Algorithm 2 The estimated cluster assignment probabilities from the EM algorithm for each movie scene in the Star Wars movie are shown in chronological order in Figure 3 . We can see from the plot that scenes in the early part of the movie are mainly associated with cluster 1, while cluster 2 contains most of the scenes from roughly scene 40 to scene 100. We can deduce from this, for example, that the character "Han" is very active in the middle part of the movie. On the other hand, there does not appear to be any obvious pattern for the third cluster. The clustering for many early and late movie scenes is relatively uncertain, as shown in the plot.
The uncertainties in clustering are also illustrated in a ternary plot in Figure 4 . Each dot in the plot represents a movie scene, and the three corners of the plot represent the three clusters. The closer the dot is to the corner, the higher probability that the corresponding movie scene belongs to the corresponding cluster. The ternary plot in Figure 4 shows significant uncertainties in clustering a number of movie scenes into the first two clusters. This is reasonable since for a number of actors including the lead actor "Luke", the probabilities of scene appearance are similar for the first two clusters.
Lady Gaga Concerts 2014
As a second application of the ELCA model, we collected the list of songs that Lady Gaga performed in all concerts in 2014 3 . The data set contains 96 concerts with a total of 51 distinct songs performed.
The hypergraph is constructed by defining each concert as a hyperedge and each song as a vertex. A vertex is contained in a hyperedge if the corresponding song is performed in the corresponding concert.
The results of performing model selection using the approach of Section 4.1 is presented in Table A2 .
We can see from Table A2 that ELCA models with more than one additional cluster significantly out-perform standard latent class analysis models.
The model with 5 clusters and 2 additional clusters was chosen and fitted to the data set. The parameter estimatesπ,τ andâ are given in Table 3 . We can deduce fromâ andτ that there are a small number of very short concerts of length approximately 14% of the rest of the "full" concerts. B = k if X B is generated from cluster g and additional clusters k. We have
For the variance of the LCA model, we have that
Hence, we have that
To show the quantity above is non-negative, we have to show that
which follows from Jensen's inequality.
Appendix B. M-step of EM Algorithm
For the M-step, we need to maximize Q(θ|θ (t) ) with respect to the model parameters {φ ig }, {a k }, {π g } and {τ k }.
Appendix B.1. Maximize w.r.t. φ ig For fixed i and g, the objective function retaining terms involving φ ig can be written as
Since an analytic expression for arg max φig {Q} does not exist due to the term log(1 − a k φ ig ), we apply the MM (Minorization Maximization) algorithm [22] . We first apply a quadratic lower bound on the concave function log(1 − a k φ ig ) for k < K. We let
We then have
Hence, we have
Hence, the objective function in (B.1) up to an additive constant can be minorized by the function below. 
jk (1 − x ij ) (B.2)
jK (1 − x ij ) log(1 − φ ig )
To simplify the expression above, we define the quantities below.
jK (1 − x ij )
Now, the lower bound in (B.2) can be written as below. For a fixed k, the objective function (3) retaining terms involving a k can be expressed as
x ij log(a k ) + (1 − x ij ) log(1 − a k φ ig ) .
(B.4)
Since an analytic expression for arg max a k {Q} does not exist due to the term log(1 − a k φ ig ), we apply the MM (Minorization Maximization) algorithm. We first apply a quadratic lower bound on the concave function log(1 − a k φ ig ) ≥ log(1 − a (t)
Hence, (B.4) up to an additive constant can be minorized by the function below.
(1 − x ij ) (B.5)
To simply the expression above, we define the following quantities.
Taking derivative of (B.4) with respect to a k , we have The update for π g and τ k are straightforward and are given below.
jg Z 
